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Abstract 

The main goal of this paper is to address global hypoellipticity issues for 
the class of first order pseudo-differential operators L = Dt + C{t, x, D^), 
where {t, x) € T x M, T is the one-dimensional torus, M is a closed manifold 
and C{t,x,Dx) is a first order pseudo-differential operator on M, smoothly 
depending on the periodic variable t. In the case of separation of variables, 
when C{t,x,Dx) = a{t)p{x, Dx) + ib{t)q{x, D^), we give necessary and suf¬ 
ficient conditions for the global hypoellipticity of L. In particular, we show 
that the famous (P) condition of Nirenberg-Treves is neither necessary nor 
sufficient to guarantee the global hypoellipticity of L. 
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1 Introduction 


The main goal on the present paper is to investigate the Global Hypoellipticity 
(GH) of the following class of operators: 

L = Dt + C{t,x, D^), {t, x) G T X M, (1.1) 

where T = M/27rZ stands for the flat torus, M is a closed smooth manifold (com¬ 
pact smooth manifold without boundary) endowed with a positive measure dx and 
C(t, X, Dx) is a first order pseudo-differential operator on M smoothly depending on 
the periodic variable t. 

We propose a novel approach, as far as we know, based on generalizations for 
parameter depending operators which were inspired by: 


i) By J. Hounie’s abstract approach (Trans AMS, 1979) for the study of Global 
Hypoellipticity and Global Solvability of the abstract operator dt + b(t, A) = 
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dt + ho{t)A + r(t, A), with t G T and A being a linear self-adjoint operator, 
densely defined in a separable complex Hilbert space H which is nnbonnded, 
positive, and has eigenvalnes diverging to -|-oo; and r(f. A) is a lower order 
term in a snitable sense. 

ii) Secondly, we mention the S. Greenheld’s and N. Wallach’s paper (Trans AMS, 
1973) where the anthors investigate the Global Hypoellipticity of invariant 
differential operators with respect to the eigenspaces of a fixed elliptic normal 
differential operator E, as well as the recent generalization of the notion of in¬ 
variance for elliptic psendo-differential operators on compact manifolds by J. 
Delgado and M. Rnzhansky (G.R. Math. Acad. Sci.,2014) where the anthors 
nse a discretization approach based on the Fonrier expansions for characteriz¬ 
ing fnnctional spaces defined by R.T. Seeley, (Proc. AMS, 1965 and 1969). We 
emphasize that the novelty in onr case is the presence of parameter t, which 
might lead to bifnrcation type behavior in the presence of mnltiple eigenvalnes. 

hi) Finally, we apply redaction to normal forms for hrst order operators on tori cf. 
D. Dickinson, T. Gramchev and M. Yoshino (Proc. Edinb. Math. Soc., 2002) 
in onr abstract context. Here comes on of the main novelties of onr paper: we 
introdnce the notion of Diophantine seqnences which tnrns ont to be necessary 
and snfficient condition for the Global Hypoellipticity provided the imaginary 
part mean valnes Uj = Bj{t)dt growth at most logarithmically. 

We observe that, for snch Diophantine seqnences, not snrprisingly in view of 
the appearance of seqnences which are not integers, the celebrated theorems in 
Diophantine metric theory are not applicable to onr abstract Diophantine condition, 
see V. Beresnevich, D. Dickinson and S. Velann, with an appendix by R. G. Vanghan 
[1] for general results on exceptional sets, and A. Gorodnik and A. Nevo [13]. 

We emphasize that the study of the (GH) of such a general class of operators 
is a highly non-trivial problem and it seems impossible to attack it by a unified 
approach, even when C{t,x, D^) is a first order differential operator on M. We 
mention that the main body of results on (GH) for differential operators is localized 
in the case where the compact manifold M is a flat torus, see the impressive list of 
works laiai 12 0 m El nn El E5] and the references therein. 

However, we remark that it is possible to treat a general class of operators 
without requiring smoothness with respect to the dual variables, as in the recent 
works of M. Rnzhansky and V. Turunen, see [261 EZl EH]. 

Moreover, we recall the famous Katok conjecture in [20] [21], and also, the related 
Greenheld-Wallach conjecture in [TB] which states: if a closed, connected, orientable 
manifold admits a (GH) vector field, then this manifold is diffeomorphic to a torus 
and this vector field is smoothly conjugate to a constant Diophantine vector held 
(see also G. Forni na and A. Kocsard my 

Our crucial hypothesis is inspired by two works: S. Greenheld’s and N. Wallach’s 
paper in which the authors investigate the (GH) of invariant diherential oper- 
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ators with respect to the eigenspaces of a hxed elliptic normal differential operator 
E, and J. Delgado’s and M. Ruzhansky’s papers [H IH HO] in which they investigate 
the recent generalization of the notion of invariance for elliptic psendo-differential 
operators on compact manifolds. Both notions lead to the possibility of using dis¬ 
cretization approaches based on the Fourier expansions for characterizing functional 
spaces, dehned by R.T. Seeley [2^ 130] . 

Our starting point is analogous: we £x an elliptic pseudo-differential operator 
E{x, Dx) on M, and assume 

[0(t, X, D^),E{x, D^)] = 0, Wt E T. (1.2) 


However, in view of the presence of a global bifurcation of the parameter f, the 
commutation hypothesis fll.2p is not sufficient. We also had to assume that 


C{t, X, Dx) is normal, namely, C*C = C C*, 
where C* stands for the adjoint of C with respect to dx). 

In fact, writing uniquely 

C + C* 


(1.3) 


A = 


and B = 


C-C* 


(1.4) 


we have 

0(t, X, D^,) = A{t, X, D^) + iB{t, X, D^,), (1.5) 

and these two assumptions (commutativity with E{x, D^) and normality) are equiv¬ 
alent to the following commutative conditions: 


A*{t,x,D^) = A{t,x,D^) 


and B*{t,x, D^) = B(t,x, D^); 


( 1 . 6 ) 


[A{t, X, D^), E{x, D^)] = [B{t, X, D^), E{x, D^)] = 0; (1.7) 

[A{t, X, D^), B{t, X, D^)] = 0; (1.8) 

for any t G T. 

We recall the reader that, even for matrices, the centralizer is a not commutative 
group; thus the condition fll.7p does not imply fll.Sp . 

One more restriction is necessary, because of the possible bifurcation phenomena 
with respect to t, when we have multiple eigenvalues divergent to inhnity: 

there exist unitary operators St : —>■ smoothly 

depending on t, such that 


SlASt and S^BSt 

are simultaneously diagonal on the eigenspaces of E{x, D^). 
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In the particular case of the separation of variables we can write fll.4j) as 


A{t,x, Dx) = a{t) p{x, D^) and 
B{t, X, Dx) = h{t) ® q{x, Dx), 

where a and b are smooth, real functions on T, and p{x, Dx) and q{x, Dx) are hrst 
order pseudo-differential operators on M, and the hypothesis fll.hp . fll.7p and fll.Sp 
are respectively equivalent to 

p{x,Dx) = p*{x,Dx) and q{x, Dx) = q*{x, Dx); (1.9) 

\p{x,Dx),E{x,Dx)] =0 and [q{x, Dx), E{x, Dx)] = 0; (1.10) 

\p{x, Dx), q{x, Dx)] = 0. (1.11) 

Observe that, from these hypothesis, we obtain that p{x, Dx) and q{x, Dx) are 
simultaneously diagonalizable on each eigenspace of E{x, Dx), therefore there exists 
a unitary operator S such that 

S*p{x,Dx)S and S*q{x,Dx)S (1-12) 


are diagonal operators. 

We outline our main novelties in the separation of variables case. First, assuming 
6^0 and denoting by {uj} the sequence of elements of the diagonal of q{x,Dx), 
given in fll.l2p . and assuming that |z/j| —)■ oo, we have: 


i. if b does not change, then L is (GH); 

ii. if b changes sign and the growth of \uj\ is super-logarithmic, then L is not 
(GH); 

iii. hnally, if b changes sign and the growth of \i>j\ is at most logarithmic, then L 
is (GH) if, and only if, a Diophantine phenomena occur. 

In the case where 6 = 0, we denote by {pj} the sequence of the diagonal of 
p{x,Dx) on the eigenspaces of E{x,Dx), and by oq the mean value of a{t) on T. 
Then we have that L is (GH) if, and only if, oq has at most hnitely many resonances 
with respect to the sequence {pj}, namely there exists jo G N such that 

aoPj ^ Z, Vj ^ jo, 

and Oo is non-Liouville with respect to the sequence {pj}, namely there exist <5^0, 
G > 0 and i? S> 1 such that 

inf \aoPj + Cj~^, Vj ^ R. (1-13) 
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As an example, consider the following operators on the bidimensional torus: 


L — Dt-\-a,{t)Dx-\-ih{t) \og^{2-\-\Dx\), 
Lao,bo ~ Dt+ttQ Dx + ibo log^(2 + \Dx\), 


where p > 0, a,b E C°°(T), and Oq and bo are the mean value of a and b on T, 
respectively. In the case that 6 ^ 0, we have: 

1. if p > 1, the operator L is (GH) if, and only if, b does not change sign; 

2. if p ^ 1, the operator L is (GH) if, and only if, the operator is (GH), 

i.e. either 6o 7^ 0 or 6o = 0 and oq is an irrational non-Liouville number. 

We will discuss this example with more details on page [HI subsection 13.31 where 
we compare our results with that obtained by J. Hounie, in |18j . 

Observe that, in the presence of Diophantine phenomena, it is not possible to 
use the machinery of pseudo-differential calculus, since the inverse operator does 
not satisfy the difference estimates of M. Ruzhansky and V. Turunen [26], and J. 
Delgado and M. Ruzhansky poroj. On the other hand, we note that, in a different 
context, J. Delgado and M. Ruzhansky rely on invariant spaces without the presence 
of bifurcation parameters. 

We point out that one of the crucial ingredients of our approach is the use of 
the corollary from Weyl’s asymptotic counting function for E on the asymptotic 
behaviour of the sequences {pj} and {vj}, as well as the sequence space characteri¬ 
zation by R. T. Seeley [29]. See also T. Gramchev, S. Pillipovic and L. Rodino na 
for hypoellipticity of Shubin type operators on M". 


2 Functional spaces 

Let M be a closed smooth manifold endowed with a positive measure dx. The 
inner product on the Hilbert space L‘^{M) = dx) is given by 



Denoting by the correspondent Sobolev space of order s on M, we have 



( 2 . 1 ) 


We denote by T™'(M) and by T™(M) the usual Hormander class of pseudo¬ 
differential operators and the classical pseudo-differential operators of order m G M, 
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respectively (see, e.g., m- Furthermore, we denote by the class of elliptic 

operators in with m > 0 in order to guarantee the discreteness of spectrum. 


Suppose now that E{x,Dx) G m > 0, is normal, namely 

E{x, D^) o E*{x, D^) = E*{x, D^) o E{x, D^). 


Then: 

i. the spectrum spec{E) = {A^; j G N} C M is discrete and |Aj| —)■ oo; 

ii. there is an orthonormal basis for L‘^{M), where each ipj is a smooth 

function on M, such that Eipj = Xj(pj, for all j G N; 

Hi. the eigenspace Ex. of E corresponding to Xj, has hnite dimension, for any 
j G N. 

We may assume that Xj > 0, for any j. In fact, if this is not true, it will be 
enough to consider the following elliptic operator Es = {E*E + with ^ > 0. 

Finally, since Xj ^ oo, counting the multiplicity of Xj, we may assume that 

spec {E) = {0 < Ai ^ A 2 ^ . Aj ^ ... —+ 00 }, (2.2) 

keeping the same orthonormal basis, after eventual reordering. 

Now, hxed a normal elliptic operator E, as above, and an orthonormal basis 
of the eigenspace Ex., we can write 

CO 

L^{M) = 0^A,-, Ex^ = span , J e M. 

i=i 

Thus, any distribution u G T>'{M) may be represented as a Fourier series 

00 

(2.3) 

j£N j=l k=l 

where «■(, = dx). Of course, when u G L^{M), we have the usual scalar 

product and = (■u,'0^). 

Concerning the asymptotics of eigenvalues, from Shubin’s theorems 15.2 and 16.1 
in [31], we have the following lemma. 

Lemma 2.1 (Weyl’s Asymptotic Formula). Let E G T^(M) be a normal elliptic 
operator with spectrum spec{E) = {Xj;j G M}. Then 

Xj ^ cj’-, j 00 , (2.4) 


for some positive constant c. 
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Now, combining proposition 10.2 from [3T] and Weyl’s formula we have: 


Proposition 2.2. For the series 

(2.5) 

k=l 

with complex coefficients rif., the following three statements are equivalent: 

i. The series \2. 51) converges in the C°°{M) topology; 
a. The series h2.3i) is the Fourier expansion of some f G C°°{M); 

Hi. For any integer N we have 

< + 00 , for each fc G {1,... dj}. (2.6) 

jeN 

Moreover, the following conditions are equivalent: 

iv. The series h2.3i) converges in the V\M) topology; 

V. The series 112.,5\) is the Fourier expansion of some u G V\M); 
vi. For some integer N, H2. 61) holds; 

And we have the following characterization of Sobolev spaces. 

Proposition 2.3. Let T = and P G Md-xdji^), with j G M. For any s ^ 0 

we have: 

i. The linear map T : 'H®(M) —> W{M) defined by 

jeN 

is continuous if, and only if, 

sup ||(P)*P|| = sup {max{cr;cT G spec(Prj)}} < +C )0 (2.7) 

jGN jGN 

If the multiplicities are hounded, i.e., 

snp{dj,j G M} = d < + 00 , (2.8) 

the condition fl2.7p is equivalent to uniform boundedness of the entries o/P, 
j G N, i.e., 

sup max IPJ < + 00 . (2.9) 








a. If 0 ^ spec {E) and fl2.9p holds, then the following expression is an equivalent 
norm on 

\\Vu\\w(M) = \\E^'^Tu\\L2i^M) ( 2 . 10 ) 

if, and only if, 

inf ||(r^)*rj|| = inf (min{a; a e spec{T*Tj)}) > 0. (2.11) 

Moreover 

u G 'H^(M) ||m-^||^A™ < +CX) \uj\‘^j~ < + 00 . (2-12) 

jeN j€N 


We also define the a:-Fourier series of a distribution m G 'D'(T x M) 

CO CO 

j=l j=l k=l 

Proposition 2.4. For the series 

j£N k=l 

where G C'°°(T), the three following statements are equivalent: 

i. The series fl2.14p converges in the C°°(T x M) topology; 

ii. The series fl2.14p is the x-Fourier expansion of some f G (^““(T x M); 
in. For any k CN and any integer N, 

m.s^\d^cf(^{f)\ = as j —)■ oo, (2-15) 

for each £ G {1,... dj}. 


(2.13) 


(2.14) 


Moreover, the following conditions are equivalent: 


iv. 


V. 


vi. 


The series ) 

The series ) 

For some real N, 



converges in the T>'{T x M) topology; 

is the Fourier expansion of some f G ViT x M); 

h2.13i) holds. 
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3 (GH) and the separation of variables 


In the first part of this section, we are going to show that it is enough to consider 
the case where all eigenvalues of E{x,Dx) are simple. In the second part, we are 
going to give a more precise version of the theorem announced in the introduction. 


3.1 Reduction to the diagonal form 

Consider the following operator 

L = Df + a{t)p{x, Dx) + ib{t)q{x, D^), {t,x) eT x M, (3.1) 

where a,b E C°°(T), and p{x,D^) and q{x,D^) are self-adjoint pseudo-differential 
operators, dehned in which commute with a hxed normal elliptic operator 

E{x,D^) E namely 

[E,p{x,D^)] = 0 and [E,q{x, D^)] = 0. (3.2) 


We observe that the commutation conditions 03.21) . 01.21) . 01.71) etc. guarantee 
that the considered operators are invariant with respect to E, with the notion of 
invariance introduced by J. Delgado and M. Ruzhansky in the recent paper [8]. 

Observe that, under this assumption, we have p{Ex.) C Ex. and q{Ex.) G Ex-, 
for any j E N. In this case we say that the operators p and q are -invariants. 

We can also rewrite the spectrum of E{x, D^) without counting the multiplicity, 
as in [ini El Us] , 


spec {E) = {0 < (Ti < (72 < ... cTj < ... —)• -l-oo}, (3.3) 

with mult((Tj) = dj, j E N, 

and the corresponding orthonormal basis of L‘^{M) as 

{e^^; = 1,2, ...,dj, j gN}. (3.4) 

Thus, each eigenspace E^^. has dimension dj and 

E^. = span {e{, e^, ..., for any j E M. (3.5) 


This way, any u eE'{T x M) can be represented by a x-Fourier series as follows: 

jeN k=l 
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Since p{x,Dx) and q{x,Dx) are also i?o- -invariants, we can consider the restric¬ 
tions 

Pj{x,D^) : —;■ E„. and qj{x,D^) : E„. — E„^. (3.6) 

Thus, for M G P'(T X M) we can write 

p{x, D^)u = ^ {PjUj{t), e^{x))^dj , and 
j&n 

q{x, D^)u = ^ {QjUj{t), e^{x))^d^ , (3.7) 

j&N 

where Pj and Qj are the complex self-adjoint dj x dj matrices of pj and qj, with 
respect to the orthonormal basis of E^j^ given in fl3.5p and 

Uj{t) = K(^))rf,xP and = (ei(a;))^,^^, for any j e N. (3.8) 


With this notation, Lu = / is equivalent to the following sequence of differential 
equations: 

DtUj{t) -|- Cj{t)Uj{t) = Ej(t), j G N, t G T, (3-9) 

where 

Cj{t)=a{t)Pj + ib{t)Qj and Ej{t) = (3.10) 

Now, we recall the following lemma of linear algebra. 

Lemma 3.1. Let {Tq, : V ^ V, a E A} be a family of diagonalizable linear operators 
defined on a finite dimensional vector space V such that [TayTy] = 0,Va,/3 G A. 
Thus, there exists an ordered basis of V in which any operator of this family has a 
diagonal representation. Moreover, if every is normal, then there is an unitary 
matrix S satisfying 

[T„] = SDt^S*, V « G a, 

where is the diagonal matrix of the eigenvalues ofTa- 

For each j G M, the family {Pj,Qj} satishes the hypothesis of lemma IXTl since 
P* = Pj, Q* = Qj and [p{x, DQj, q{x, Dx)] = 0 is equivalent to 

[Pj,Qj] = 0, VjgN. 


Therefore, for each j G N, there exists an ordered basis of E^. such that 

S*PjSj=Dp. and S*QjSj = Dq., (3.11) 

where each Sj is a unitary matrix and 

Dp^ = diag (/ij- 1 ,..., pj,dj) and Dq. = diag ..., Vj^d,) (3.12) 
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are diagonal matrices. 


Now, if we write 


Vj(t) = s;uj(t) and G,{t) = S-Fj{t), (3.13) 

where Uj{t) and Fj{t) are defined in fl3.8p and 03.1 Old then we can rewrite the 
seqnence of differential eqnations fl3.9p as 

D,V,{t) + C,it)V,it) = j e N, (3.14) 

where Cj{t) = a{t)Dp. + ih{t)DQ.. 

Observe that the stndy of the behaviour of the solutions Uj is equivalent to the 
study of Vj. Indeed, since Sj is unitary we have 

= 


In particular, when / G 0°°(T x M), the sequences and {Gj{t)} satisfy 

the condition 02.151) . 

Then, the system 03.141) is equivalent to the sequence of differential equations 
Dtvlit) + F^{t)vl{t) = j e N, (3.15) 

with F^{t) = a{t)g,l + for each £ G {1,..., dj}. 

If the solutions Vj{t) of 03.141) satisfy an estimate as 

cf, ] ^ 

then each vj {t) satisfies itself, and reciprocally. 

It follows from this discussion that the global hypoellipticity of the operator L 
is equivalent to the study of the solutions of the equations 03.151) . In this sense, it is 
enough to consider the case where the multiplicity of all eigenvalues is exactly equal 
to one (simple eigenvalues). 

Remark 3.2. To obtain the diagonal system 03.14p we use lemma l3J[ which requires 
the commutation [Pj, Qj] = 0, for each j G N; thus in this point we stress the use of 
hypothesis 

\p{x,D^),q{x,D^)] = 0. 
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3.2 (GH) for the diagonal form 

We start by fixing a normal elliptic operator E{x, D^) G with spectrum 

spec {E) = {0 < Ai ^ A 2 ^ . Aj ^ ... —+ 00 }, (3.16) 

where all eigenvalues Xj are simple, and the corresponding orthonormal basis is 
for In this situation, all eigenspaces Ex. have dimension 1. 

Let p{x, D^),q{x, D^) G be self-adjoint operators that commute with 

E{x,Dx), namely 

[E{x,D^),p{x,D^)] = 0 and [E{x, D^),q{x, D^)] = 0, 
and let L be the operator 

L = Dt + a{t)p{x, Dx) + ib{t)q{x, D^), {t,x) & T x M, (3-17) 

with a,b e C°°(T) and set 


/*2tt p27r 

ao = (27r)“^ / a{T)dT, 60 = (2vr)“^ / b{T)dT. (3.18) 

Jo Jo 

Since p{Ex.) C Ex-, q{Ex ) C Ex. and dim(i?A ) = 1, for any j G M, there exist 
sequences of real numbers {qij} and such that 

p{x,Da;)(pj = fijipj and q{x, D^)ipj = Ujipj, j G N. (3.19) 

We point out that the behavior at the infinity of these sequences, play a decisive 
role in the study of the regularity of the operator L. 

Definition 3.3. We say that ao is non-Liouville with respect to the sequence {fij}, 
if there exists 6 ^ 0, C > 0 and i? 3> 1 such that 

inf \aoiaj + i\ ^ Cj-\ Vj ^ R. (3.20) 

If fl3.20p does not hold, we say that oq is Liouville with respect to the sequence {fij}- 

Definition 3.4. The set of resonances of Oq with respect to the sequence {qij} is 
defined by 

Tao = {j ^ O'Oh'j ^ (3-21) 

Definition 3.5. The operator L is said to be globally hypoelliptic onT x M (GH) 
if the conditions u G VJT x M) and Lu G C'°°(T x M) imply u G C°°(T x M). 


Now we are in the position to enunciate our main results on the case of the 
separation of variables and simple eigenvalues. 
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Theorem 3.6. Let L be the operator defined in fl3.17jl . and suppose that 


lim = oo. 

j^ao 


Then: 


i. if b = 0, then L is (GH) if, and only if, the resonance set Fag is finite and Qq 
is non-Liouville with respect to the sequence {fij}; 

a. if b does not change sign and b is not identical to zero, then L is (GH); 

Hi. if b changes sign, then L is not (GH), provided that there is a subsequence 
{z/jj,} such that 

lim , ^, = +CX). (3. 

k^oo log(jfc) 

However, if 

lim sup ^ = K < +CX), (3.23) 

j^oo log(jj 

we have: 



L is ( GH) if and only if = A + aop{x, A) + ihoq^x, A) is (GH), 

namely 

a. if bo ^ 0, then Laf,,bo is (GH); 

b. if bo = 0, Ao.feo i^ if’ */? ^ao is a finte set and Qq is non-Liouville 

with respect to the sequence {/ij}. 

3.3 Logarithmic growth and Sobolev spaces 

The purpose of this subsection is to establish a parallel between theorem 13.61 
above, and the results obtained by J. Hounie [IB], in the case where the growth of 
the sequence {vj} is at most logarithmic, that is, fl3.23p holds. 

We start by recalling the following example given in the introduction: 

A = A + a(^)A + log^(2 + |A|), (t,a;)eTxT, (3.24) 

where p > 0 and a, 6 G C°°(T). 

In the case that b ^ 0, our results imply that: 

i. if p > 1, the operator Lp is (GH) if, and only if, b(t) does not change sign; 
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a. if p ^ 1, the operator Lp is (GH) if, and only if, either 6 o 7 ^ 0, or 6 o = 0 and 
Oq is an irrational non-Lionville nnmber; 


Thus, the operator Lp may be C'°°-global hypoelliptic even when the function b 
changes sign, that is, we are able to obtain examples in which the famous condition 
{V) of Nierenberg-Treves fails, see [251 I2n 152] . and the first-order operator L is 
G°°-global hypoelliptic. 

We highlight that J. Hounie’s abstract result in [18] could not be applied for the 
study of G°°-global hypoellipticity if a = 0 and 6^0. 

If 6 = 0 our general result recaptures the theorem of J. Hounie on our example 
with = L2(T), H^{T) = and = V'{T). 

But, in the case a = 0 and 6 ^ 0 we have 

Lp = Dt + ib{t)\og^{2+\D^\), {t,x)eTxT, (3.25) 

where p > 0 and b G C'°°(T). 

For this, consider the following self-adjoint pseudo-differential operator dehned 
on the one-dimensional torus T: 

Q{x, D^) = \ogP{2 + \D^\), p > 0, 

and, following the ideas of J. Hounie, in [B] and [15], consider the scale of Sobolev 
spaces Hq dehned by Q, that is, each Hq is the space of elements u of V'{T) such 
that Q^u G L^(T) or, equivalently, 

n^Q = {ue V\T); log"^(2 + |e|)n(0 e s G M. 

We also denote 

K = r\^Q = 

seK seK 

and 

'H^(T) is the standard Sobolev space of order e: G M. 


Proposition 3.7. 'Hq{T) 7^ G°°(T) 

Proof. We will show that for any £ > 0, "Hq (T) ^ 'H^(T). Let 6 > 1/2 and set 

^(O = ier'/'iog-'(iei), eez, iei»i. 


Note that 
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1^1 log^^(l^l) 



1 

plog^V 


dp 


1 

{29-l)log^^-\R) 


< +c>o, 


then {'0(O}«ez e 

Now, fix (5 G (0,1) and define 

( if ^ e Z \ {0}, 

w(0 = i 

I 0, ife = o. 


For each s > 0 we obtain 

_^(^)g-(ioghhi)-p«)iog(iogi?i)^ 1^1 ^ i_ 


For any > 0 there exists R = R{N, ps) > 0, such that 

iV<log'(|e|)-ps, \^\^R, 


thus, V|^| ^ R 


g-(log'’(ld)-ps)log(logh|) ^ g-iVlog(log|5|) _ 


From 03.261) we have 

iog*"(iei)«(0 ^ V'(0(iog lei)-"^ < m, lei > r, 

and then {^(Olsez defines a distriuition u G Rq(T). 

Once 5 < 1, it follows that 

log'^(|e|)log(log|e|) _ 

hl-oo log(lel) 

then for each e: > 0:, there exist R' > 0 such that 

log^(l^l)log(log|^l) ^ ^/21og(|^|), V|^| ^ R'. 

Thus, for 1^1 ^ i?', we obtain 

ierM(o = 

= |{|-"/2+'/2log-®(|{|). 


(3.26) 
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Since {|e|-V2+^/2log-'(|e|)}cez i we obtain 

{ier«(0}?6z^^^(z), 

and thus H^{T) (f. W{T). 


□ 


Corollary 3.8. If we set 

Q(x,D^) = log ^(2 + |L)^|), p> 0 ,a:eT’", 
then, for every e > 0, (T") <f_ VfiT'^). 

The dehnition of global hypoellipticity used by J. Hounie says that the operator 
Lp, dehned in fl3.25p . is globally hypoelliptic on T x T if, given u G C°°(T; 'Hq°°(T)), 

Lm G C°°(T;'H^(T)) ^ M G C'°°(T;'H^(T)). 

It follows, from theorem 2.1 ([18] p.238), that the operator Lp is globally hypoel¬ 
liptic on T X T, in the sense of the dehnition above, if, and only if, h{t) does not 
change sign in T, regardless of the value p > 0. 

Thus, in this case, J. Hounie does not say anything about the C°°-global hypoel¬ 
lipticity of this operator, while our theorem states that the C'°°-global hypoellipticity 
of Lp depends on h and p. 


4 Reduction to normal form 


In this section we are going to show that, under suitable conditions, it is possible 
to replace the study of the global hypoelliptcity of the operator L by an operator 
with constant coefficients. In particular, we will prove the following theorem: 

Theorem 4.1. Suppose that the condition fl3.23p holds, that is. 


lim sup -— 7 — 
j^oo log(j) 


= K < -l-CXO. 


(4.1) 


Then the following statements are equivalent: 


i. L = Dt + a(t)p{x, Dx) + ib(t)q{x, D^) is (GH); 

ii. Lao,ho = A + aop{x, Dx) + iboq{x, D^) is (GH). 


The proof of this theorem consists in constructing an automorphism T of I1'(T x 
M) such that 


oLo^ = Lao,bo- 


(4.2) 
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First, we show how the condition 04.1 |i allows us to reduce the imaginary part 
of L to the normal form in the diagonal case. Next, we use the classical reduction 
of the real part of L to the normal form, to attain the full reduction, shown above, 
in the diagonal case. Finally, we show how to reduce to normal form in the case of 
multidimensional eigenspaces. 


4.1 Reduction to normal form in the diagonal form 

Consider the map 

u e V\T X M) ^ (4.3) 

jeN 

where B{t) = f* b(s)ds and bg = (27r)~^ b(T)dT. 

If 4/ft is a linear operator on V{T x M), then the expression 

u e V'{T X M) ^ 

jeN 

dehnes the inverse of 4/ft, and thus 4/ft is an automorphism of V{T x M). Therefore, 
it is enough to prove that 4/ftM G V'{T x M), for any u &V'{T x M). 

To prove this statement, consider the following sequence of smooth periodic 
functions 

^.{t) = f G T and j e N. 

We will show that {'ipj{t)} satishes the condition 02.151) of proposition 12.141 for 
some integer N, i.e., 

^ C f, as i cx). 

Observe that the derivatives of depend on the powers of Vj and we can control 
this growth with the assistance of the following result, which will be useful in other 
proofs that will appear in this work. 

Proposition 4.2. \^j\ = and {ujl = as j —)■ cxo. 

Proof. Since p{x, D^) and q{x, D^) are continuous linear operators from the space 
H^{M) to H^{M) = L‘^{M) then, by (EH, we have 

< +00 M G H^{M) p{x, Dx)u, q{x, Dx)u G Lf{M). 

jsN 
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Now, from fl2.15jl and fl2.12p . we obtain 


p{x,D^)u 


2 

L2(m) 


^ ^ UjPj(pj{x) 

jm 


2 

L^(M) 


iSN 


U. 


IV? 



It follows from lemmathat the seqnence {\pj\j is bonnded, and there¬ 
fore 

\ h \ = as j ^ cx). 

Analogonsly, \uj\ = as j —)■ cxd. 

□ 

Lemma 4.3. Let be a sequence of complex numbers with the following 

property: for all sequence of complex numbers {uj}, 

^ < oo- 

jeN jeN 

Then {ooj} is bounded. 


Proof. If {uj} was nnbonnded, we could construct a subsequence {ujji^}k such that 

|n;^-J>2^/^ keN. 


Setting 

r if j = jk, for some k e N; 

“i = \ 

[ 0, otherwise. 

We would have J2j < oo and J2j 

□ 

Theorem 4.4. If fl4.ll) holds, then 4/^ defined in fl4.3p is an automorphism ofV'iTx 

M). 

Proof. Following the ideas in the beginning of this subsection, to prove this result 
it suffices to show that the sequence of functions 

^.(t) = t e T, 
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satisfy the condition fl2.15jl of proposition 12.141 for some integer N. 


Since b is periodic and smooth, and u G V{T x M), this same proposition 12.141 
guarantees the existence of an integer Nq and of a constant C > 0 such that 

\d^'ipj{t)\ ^ as j oo, (4.4) 

where Ni = Nq + k/n. 

Now, we observe that, the hypothesis 

1 • Wi\ 

limsup -—— = K < +CX 0 , 
j^oo log(jj 

is equivalent to the following statement: for all e > 0, there is jo ^ such that 

Wj\^ log(j''+^), Vj ^ jo. (4.5) 


If we set 

p= max (B(t) — bot) and 5= min (B(t) — bot), 

te[ 0 , 27 r] ^ ^ 4 G[ 0 , 27 r] ^ ^ 

then only one of the following three possibilities occur: 

or p ^ 0 ^ 6. 

Moreover, as uj —)• +oo or uj —>■ —oo, we will have only one of the following 
inequalities, respectively: 

puj ^ iB{t) — bot)iyj ^ buj, or (4.6) 

Suj ^ iB{t) — bQt)iyj ^ puj. (4.7) 

First, let us analyze the case Uj +cxd. If p ^ 5 ^ 0, estimate 04.61) implies 
^ 1 for j large enough; thus by 04.51) the estimate 04.41) becomes 

Idti’jit)] ^ c f\ j oo. (4.8) 

Now, if 0 ^ p ^ 5, or p ^ 0 ^ 5, it follows that 

\a^4,,{t)\ iC ( 4 . 9 ) 

^Q^Ni+SiK+e)^ j ^ OO. 
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On one hand, when Vj —)■ —cxo, if 0 ^ p ^ 5 the inequality fl4.7p implies ^ 1, 
for i large enough, in a way that we recapture fl4.8|) . But, if p ^ 5 ^ 0, or p ^ 0 ^ 5, 
we obtain 


\d^t^pj{t)\ (4.10) 

^^^N,-p(.+e)^ J ^ CX). 


Thus, hxed e > 0 and setting 

N = max{A^i, A^i — p(k + e), Ni + 6{k + e)}, 

it follows that 

\9tiJj{t)\ ^ Cj^, as j ^ oo, 
and then G V'{T x M). 

Corollary 4.5. If fl4.1|) holds, Tf, is an automorphism of C'°°(T x M). 


□ 


Proof. If M G C'°°(T X M), then the expression 04.41) becomes 
\d^ijj{t)\ ^ C e^m-bot)uj^ J 

for any p > 0. Thus, setting 

N3 = max{k/n, k/n — p{K + e), k/n + S{n + e)}, 


we obtain 

\dti^j{t)\ ^ j CX), 

that implies G C°°(T x M). 


□ 


Proposition 4.6. Suppose that the condition 04. ip holds and consider the following 
operator 

Uq = Dt + a{t)p{x, D,^) + iboq^x, D,,). 

Then we have 


i. Lu = f ^ Lb^v = g, where n = and p = ^ f; 

ii. o L o Tft = Lfto/ 

Hi. L is (GH) if, and only if, Lb^ is (GH). 
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Proof. To prove i., let u G V^T x M) and / = Lu, setting n = and (/ = 

we have 

jGN 

= {[AwiW + a(t)/ijMj(t) + 

jGN 

JGN 

The proof of the other direction is analogous. 

To prove ih, using the same notation above, we have 

T-i o L o vl/,(n) = %^L{u) = T-V = 9 = U,v. 

Finally, given v G P'(T x M) such that g = L^y^v G C'°°(T x M), since T;, is 
an automorphism of C°°(T x M), we have that / = is a smooth function on 
T X M. From ii. we have Lu = /, where v = Supposing that L is (GH), we 

have that u is smooth, hence v is smooth and is (GH). The converse assertion 
is proved in the same way. 


□ 


4.2 Reduction of the real part 

The idea here is essentially the same one that we used for the imaginary part. 
Indeed, it is somewhat simpler because it does not require any additional hypothesis 
about the growth of the sequence {/ij}. Furthermore, this type of reduction was 
widely used by several authors, for example: A. P. Bergamasco [2], A. P Bergamasco 
et al. [5] and W. Ghen and M.Y. Ghi [7]; for this reason, and because the statements 
and proofs are very similar to the case already proved, we are just going to state 
the following result without proof. 

Proposition 4.7. Define on D\T x M) the following map 

u^^aU = 

jeN 

Then 

i. Ta is an automorphism of D'{T x M); 

ii. Tq is an automorphism o/G°°(T x M); 

Hi. L is (GH) if, and only if, La^ = Dt + aop(x, D^) + ib(t)q{x, D^) is (GH). 


22 


4.3 Normal form on multidimesional eigenspaces 

In this subsection we show how to recapture the reduction to normal form in 
the case of multidimensional eigenspaces. Just as we did before, the idea here is to 
obtain an automorphism of the space C'°°(T x M), such that 

= (4.11) 


Using the same notation as in section IXTl let be a basis of the space 

Efjj, and for each u G V'{T x M) write 

jGN 


Let Pj,Qj G be the matrices of p{x,Dx) and q{x,Dx) on the space E^-., 

with respect to that basis, and dehne the real sequences 

{f^j} ~ {f^li ■ ■ ■ 1 ) h'25 • • ■ 5 ■ ■ ■ ) hj5 • • • ) )■••}) 

{uj} = {ul ,..., ..., z/2",..., z/],..., uf ,...}, 

where {/r^} and {z/j} are the eigenvalues of Pj and Qj, respectively. 

With these notations, for each u G V'(T x M) set 

^ e^{x))^,^ . ( 4 . 12 ) 

j&N 

Proposition 4.8. If {uj} satisfies (SH), then 4/f, is an automorphism of the spaces 
V'{T X M) and C'°°(T x M). 

Proof. Note that Qj ~ Dq. = ^z/j,..., z/^-’j, thus using the same notation {ei{x)} 
for the basis where Qj is diagonal, we obtain 

JSN ^ 

=E ii e"? = E E d(*)4(^)- 

jeN k=l j£N k=l 


Thus, from the one-dimensional case, each ‘ipjit) satishes the conditions which 
guarantee that 4/;, is well dehned. Moreover, 4/f,M G C°°(T x M), if u G C'°°(T x M). 

□ 


23 



Corollary 4.9. The map 

V'(T X M)3u^^aU = J2 e^{x))^,, (4.13) 

jeN 

defines an automorphism ofVifiS x M) and C°°(T x M). 

Proposition 4.10. Let he the operator 

Lb^ = Dt + a{t)p{x, D) + ihoq{x, D). 

If conditions fl4.1l) hold and [p{x,Dfi),q{x,Dx)\ = 0, then 

1. Lu = fif, and only if, Lb^v = g, where v = and g = 

3. L is (GH) if, and only if, Lb^ (GH). 

Proof Let u, f e V'{T x M), such that v = and g = 4/^^/. To simplify, set 

Mfit) = j e N. 

Then, we have 

LboV = Dtv + a{t)p{x, Dfijv + ihoq{x, Dfijv 

= ^ {Dtv^it) + a{t)PjV^{t) + iboQjV^it), e^{x))^d^ 

jGN 

= ^ (a {Mj{t)u^{t)) + a{t)PjMj{t)u^it) + iboQjMj{t)u^{t), e^{x)) 

jGN 

= ^ {Mj{t) i^DtU^it) + a{t)PjU^{t) + ib{t)QjU^{tf) , e^{x)') . (4-14) 

jeN 

Since any matrix commutes with its exponential, we obtain 

QjMfit) = Q^e-(^W-6obQ.' = ^-(B{t)-b,t)Q^Q^ ^ Mfit)Qj. 

On the other hand, from \p{x, Dx),q{x, D^)] = 0, we have PjQj = QjPj, and 
then 

PjMj{t) = p.eP^h)-bot)Qi ^ ^ Mj{t)Pj, (4.15) 

thus, from 04.141) . 

LboV = ^ {Mj{t) {Dtv^{t) + a{t)PjV^{t) + iboQjV^{t)) , e^{x))^d^ 

jeN 

jeN 

= 9, (4.16) 
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which implies = g. The other equivalence is identical, thus (1) is done. The 
statements (2) and (3) are identical to the one-dimensional case. 


□ 


Corollary 4.11. If {uj} satisfies 04.11) and [p{x, D^), q{x, Dx)] = 0, then = 
Ta o Tfe defines an automorphism ofVifV x M) and C°°(T x M). Moreover, o 

L 'ho, f, T^jQ^bg. 

Remark 4.12. A crucial point in the last proof is to obtain 04.161) from 04.141) . which 
is possible only because the hypothesis \p{x, Dx),q{x, Dx)] = 0 implies that 04.151) 
holds. Therefore is not possible to conjugate L and Lf,, as in the one-dimensional 
case, without the commutation hypothesis. 

For the same reason, the reduction to normal form can not work for the real part. 
Indeed, let 

Lao = A + aop{x, D) + ib{t)q{x, D) 

and define 

Mfit) = e^im-aot)Pj^ j ^ 

Thus, following the same calculations above, we need to obtain 

QjAffit) = ^ = A/;(t)Pp 
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Proof of theorem 


SIS 


In this section we are going to state and prove three theorems 05.5115.61 and 15.91) 
that, together with theorem 14.11 are equivalent to theorem 13.61 about the (GH) of 
the diagonal case with the separation of variables. 

We start by recalling that 

L = Dt + a{t)p{x, Dx) + ib{t)q{x, Dx), 

where a,b ^ C°°(T), p,q E T^(M) are self-adjoint and commute with the normal 
elliptic operator E. 

The set {y^j} is an orthonormal basis for L‘^{M), formed by eigenfunctions of E, 
and we are supposing that the corresponding eigenspaces Ex^ have dimension one. 

The sequences of real numbers {pj} and {uj} satisfy 

p(x, Dx)(pj = Pj(pj and q{x,Dx)(Pj = JeN. 


and 


lim \uj\ = oo. 

J-fOO 
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Remark 5.1. First, note that the study of the (GH) of L is equivalent to the study 
of the (GH) of the operator 


iL = dt + ia{t)p{x, - b{t)q{x, D,,). 


In propositions \5.,I\ and \5.6i. we study the (GH) of iL. The reason for this choice is 
that the terms of the Fourier coefficients, with respect to x, are somewhat simpler, 
and the notation is closer to that used in the differential case (present in most studies 
published). 

Let u G 'D'(TxM) be a distribution such that / = iLu E C°°{TxM). Taking the 
x-Fourier fl2.13p . we obtain the following sequence of ordinary differential equations: 


dtUjit) + Cj{t)uj{t) = fj{t), tET,jEN, 
where Cj{t) = —Vjbif) + ifija{t). We denote c° = —I'jbo + iaofij, Vj G M. 


(5.1) 


For each j G N, such that ^ iZ, the equation fl5.ip has a unique solution that 
can be written as 



or equivalently as, 



Note that we need to study de behavior of all derivatives of solutions fl5.2p . 05.31) 


and, specially, the derivatives of the exponential terms. 

Proposition 5.2. Gonsider the primitive Cj{t) = —VjB{t) +ipi,jA{f), where 



s. 


For any k G No, there is a constant C = C{k, a, b) > 0, such that 




(5.4) 


Proof. For fc = 0 this is evident. If 05.41) is true for £G{0,l,...,fc}, it follows from 
theorem 14.21 that 




X max 


{IISP'i-IU.IISP'illooldBil + lftI) 
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□ 

Corollary 5.3. For any k G Mq, there exist constants Ci and C 2 , depending only 
on a, b and k, such that 


f*t — S 


dt exp / Cj{T)dT 


^ Cl exp (^3 b{T)dT^ , and 


exp 




{r)dT^ ^C2j'=/"exp(^- 


Ct+S 


Uj / b{T)dT , 


for all s G [0, 27r], as j ^ 00 . 


Now, since / is smooth, given any a G Mq and rj > 0, there is a positive constant 
C and a natural number Jq, such that 


sup|5“/j(t)| j j ^ jo. 

teT 


(5.5) 


By corollary 15.31 and inequality flS.Sp . for k G Nq, we have the following estimate 
to derivatives of fl5.2p 

p2'K . . 

\d'juj{t)\ ^ Bj / af - s)j ds 


« E (1) / ' - ») 

^CGj j-’’ “'’■'Vs 


ds 


<•275 




(5.6) 


where 0j = |1 — e 

Analogously, for fl5.3p . we have 


^ C e, e-^Ur'^iridT^^ 

p27r 

^ C 0j j-'^+Cn / 


ds 


(5.7) 


From the next proposition we obtain the growth of sequences {0j} and 
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Proposition 5.4. If bo < 0, then 


lim Qj = 1, if Vj + 00 , and 

j^+oo 

lim = 1, if Vj ^ —oo. 

j^+oo 

Proof. Observe that 

0 . = cos(27rao/ij) + , 

and that the two exponencial terms go to zero, as j —)■ cx), provided that &o < 0 and 

Uj —)■ + 00 . 

Analogously, 

©^•e^A-fco = cos(27rao/ij) + , 

and here the exponential terms also go to zero as j —)■ oo, if 6o < 0 and Uj — oo. 

□ 


The next step is to present and demonstrate the three theorems that we have 
announced. In order to do this, we are going to split the proofs in two subsec¬ 
tions, namely: (GH) and Diophantine phenomena, and Change of sign and super- 
logarithmic growth. 


5.1 (GH) and Diophantine phenomena 

Theorem 5.5. If b does not change sign and b ^0, then L is (GH). 

Proof. Note that 

& iZ boUj = 0 and oo/ij G Z. 

Since b ^ 0, b does not change sign and \uj\ —)■ oo, thus bo ^ 0 and Uj = 0 only 
for a hnite number of indexes. It follows that the set 

{j G N; c° e iZ} is hnite. 

Hence, to prove that the x-Fourier coefficients Uj{t) satisfy fl2.15p . it is enough 
to study the behaviour of the solutions fl5.2p or fl5.3p . for j sufficiently large. 

We can assume, without loss of generality, that 

b{t) ^ 0,t G [0,27r], wich implies bo < 0. (5.8) 
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Indeed, if b{t) ^ 0, by the change of variables {t,x) i—)■ the operator iL 

becomes ^ 

iL = -dt + ia{t)p{x, D^) - b{t)q{x, D^), 

where b(t) = —b{—t) ^ 0, and clearly, iL is (GH) if, and only if, iL is (GH). 

Now, to hnish the proof of the proposition, let us show that the derivatives 
of Uj satisfy the condition fl2.15p of proposition 12.21 by separately analyzing their 
behaviour when Uj ^ +oo and Uj —)■ — oo. 

First, let sq G [0, 27r] be the point of maximum of b, that is, 

bisr,) = max b(t) ^ 0. 

te[ 0 , 27 r] 

Then, for all s G [0, 27r], we have 

rt i-t+s 

/ b{T)dT ^ b{so)s ^ 0 and / b{T)dT ^ b{so)s ^ 0. 

Jt-S Jt 

When Uj —>■ +cxo, there is a natural ji such that Uj > 0, for all j ^ ji, hence 

2tt 

^ 27r, j ^ ji. 

By proposition 15.di the sequence {0j} is bounded, therefore, from fl5.6p we have 

laftijWI jstji. (5.9) 



When Uj —)■ —oo, we use the equivalent expression fl5.3p . which gives us the 
estimate fl5.7p . In this case, there is a natural j 2 such that Uj < 0, for all j ^ j 2 , 
hence 

^ 27r, j^j2. 

By proposition 15.41 the sequence is bounded and we have 

ia,S(i)ls; c (5.10) 

for some j 2 G N. 

Finally, from fl5.5p . fl5.9p and flh.lOp . given any A; G Mq, there is a constant G > 0 
and a positive integer rj satisfying —rj + k/n ^ —N, such that 

\d^Uj{t)\ ^ C j-^, j ^ Jo, 

where jo = max{ji, j 2 }. 


□ 
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Theorem 5.6. 7/6 = 0, then the operator L is (GH) if, and only if, the set Fag = 
{/ G N; fijOf) G Z} is finite and Qq is non-Liouville with respect to the sequence 
{h'j}- 

Proof. Let u G V'{T x M) be a solution of iLu = / G C'°°(T x M). Following 
the steps in the introduction of this section, we are led to the following sequence of 
ordinary differential equations 

dtUj{t) + ia{t)iJ,jUj{t) = fj{t), j G M. (5.11) 

Since Fqq is finite, we have c° = iaofij G iZ only for a finite number of indexes, 
hence it is enough to study the solutions fl5.2p or fl5.3p . when / —)■ cx). 

By hypothesis 6 = 0, then 6o = 0 and both expressions fl5.6l) and fl5.7p become 

\d'^Uj{t)\ ^ C 0.^ vr/ >0, j ^ CX). (5.12) 

The next result studies the growth of sequence {0j} (the proof is given below). 

Proposition 5.7. Let {/Sjjjgis} be a sequence of real numbers. Then, for each j G M 
there exist i{j) G Z such that 

ll-e^"^^'! ^4 |/3j + 7(j)|. (5.13) 


Now, by fl5.13p we obtain, for any j G M, an integer i{j) such that 

|1 - ^ 4 \aofrj + i{j)\. 

Thus, the hypothesis fl3.20p implies 

0 . = |l - ^ C \aotij + (5.14) 

^ Cinf |ao/ij + ^ Cj^, 

for j sufficiently large. 

Thus, by fl5.12p and fl5.14p we obtain 

\a^uM ^ c Vri > 0, J ^ oo, 

which implies u G C'°°(T x M). 

To prove the sufficiency, let La^ be the operator 

Lao = A + aop{x,Da;). 
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Let us suppose by contradiction that Lag is an infinite set and write 


rao = O'l < j2 <•••< jfc <•••}• 


Obviously we are supposing that Oq 7^ 0, otherwise 
(GH). 

Consider the following sequence of functions in 

e-^aoHk\ if j = 


Uj{t) = 


0, if j ^ jk- 


Dt is trivially non 


We have \uj^{t)\ = 1 for any k eN, and fixed £ G No we obtain 
\ 9 tUj^{t)\ = ^ C jf/”, 00, 

therefore Uj{t) defines an element u G V'{T x M) \G°°(T x M). On the other hand, 

VjeN / k£N 

hence La^ is not (GH) and by reduction to normal form L is not (GH). 


Now, let us suppose by contradiction that Oq is Liouville with respect to the 
sequence In this case, there is a subsequence and a sequence {Tk} C Z 

such that 

lao/Uj^ - Tk\ < jk~^^‘^, k ^ 00 . (5.15) 

Particularly, it follows from fl5.15p that 

\rk\ = 0(jr"/'+'/"), k^oo. (5.16) 


Define sequences of functions {uj(t)} and {fj(t)} by 


Uj{t) 


fjit) 


e if j = jfc, 

0, otherwise. 

- rk)e-">^\ if 3 = Jk, 
0, otherwise. 


Note that \uj^{t)\ 


= 1, for any t G T, and from fl5.16l) 

^ C k^ 00 , 
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for any £ G N. Thus, {uj{t)} defines an element u G V'(T x M) \ C'°°(T x M). 


But, from flS.lSp and flS.ldp . for any i G Nq, we have: 

\ 9 lfj,{t)\ ^\Tk\^\ao^ij, - Tk\ 

^ cx), 

then {fjit)} dehnes a function / G C°°(T x M), such that La^u = /; thus Lag is not 
(GH) and consequently L is not (GH). 


□ 

Corollary 5.8. Admit that {vj} satisfies gH). If bo 7^ 0, then L is (GH). Other¬ 
wise, if bo = 0, L is (GH) if, and only if, 

i. Tap is a finite set, and 

a. ao is non-Liouville with respect to the sequence {fij}- 

Proof. From condition fl4.ip we can apply the reduction to normal form which implies 
that L is (GH) if, and only if, LaQ^Q is (GH). Now, from propositions 15.51 and 15.61 we 
are going to obtain the proof. 


□ 


Proof of proposition 15.7 

First, for any j G N, there exists an integer £(j) such that \/3j + i{j)\ ^ |. Next, 
observe that 

2 TT 

|1 — cos(27rt)| ^ —\t\, when 77 ^ |t| ^ vr, 

71 2 

and 

2 71 

|sin(27rt)| ^ —|t|,, when |t| ^ —. 

71 2 

Thus, when 7r/2 ^ |27r(/3j + £{j))\ ^ vr we have 

|1 - I S |1 - cos{2n(p, + (-(j)))! > 4|(ft + 
and when |27r[/5j + f'(j)]| ^ vr/2 we have 

|1 - ^ I sin(27r(/3j + £(j)))| ^ A\{(3j + £(j))|. 
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5.2 Change of sign and super-logarithmic growth 


Theorem 5.9. Suppose that the sequenee {vj} has a subsequenee such that 

lim , . = +CXD. (5.17) 

k^oo log(jfc) 


If b changes sign, then L is not (GH). 


Our strategy to this proof is to construct a singular solution to the equation 
Lu = f. For this, we are going to present a seqnence of smooth fnnctions {uj} 
dehned on T, snch that 

u = ^ X M) \ C'°°(T X M), 

jGN 

and f = Lu & 0°°(T x M). 

This reqnires the use of the following lemma: 

Lemma 5.10. Let b be a smooth real 2n-periodic function on M, such that b ^ 0 on 
any interval. Then, the following properties are equivalent: 


i. b changes sign; 
a. there exists to G 


and t*, G]to, fo + 27r[ such that 
Bt*{t)^0, yt E ]to,to + 2tt], and 
Bu (t) ^0, Wt E ]to, to + 27r[; 


Hi. there exists to E M, partitions 

to < a* <'y* <t* < S* < P* <to + 271 , 

to < a* < 7* < 0 < 5* < /5* < 0 + 27r, 

and positive constants c*,c* such that the following estimates hold 

max Bt*{t) < —c*,and 

te[a* ,'f*][J[S* ,/3*] 

min BtAf) > c^. 


(5.18) 

(5.19) 


Proof. We will only prove that (i) ^ {ii) {Hi). The proof of {Hi) {i) is trivial. 
First, note that any primitive i?r)(t) = f^b{s)ds satishes 


B^{t) = B^{t) - B^{7]). 


(5.20) 
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Choose to such that 


b{t) < 0 , for t near to, 

and suppose bo > 0 , which implies Bt^ito + 27r) > 0 . 

We have 

= b{t) < 0 , for t near to to and near to to + 2 tt, 

then BtQ decreases in a neighborhood of these two points, with Bt^ito) = 0. Taking 
this and the periodicity of b into account, we can hnd 5 > 0 such that 

Btoit) ^ Btoito) = 0 , for t e]to,to + (5[, 

and 

Bta (t) ^ BtQ(to + 27r) >0, for t e]to + 27i - 6,to + 27r[. 

Thus, there are points t* and such that 

Btoit*) = max{Bto{t)-,t e]to,to + 27r[}, 

BtoiQ = min {Bto{t);t e\to,to + 27r[ }. 

Then, by fl5.2np . we obtain 

Bt*{t) = Bt^{t) — Bt^{t*) ^ 0 , Vf G ]fo 5 to + 27r[, 

Bit (t) = Bt^{t) — Bt^{t^,) ^ 0 , Vf G jfo, to + 27r[. 

Finally, because Bt^ is not constant on each of the intervals ]to, t*[, ]fo, 4[, ]t*, to + 
27r[, ]t^,to + 27r[, we obtain the strict inequalities in (in). 

Now, if 6 o < 0 and we choose to such that b{t) > 0, for t near to, then the 
arguments of the proof are going to work, with obvious modihcations. 

□ 


Proof of theorem 15.9 

With the same notation of lemma 15.101 set the intervals 

r = [W,7 *]U[r,/3 *] and 4 = [a*,7 .]U[<5*,/3 *], 
and choose g*, G C'°°(T) such that 

supp(V'*) C [0,27r] and V’1 k,/3 *] = 1, 
supp{g*) C [a*,P*] and S'*I [7*, 5*] = 1, 
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and 


supp(^/>*) C [0, 27r] and = !> 

supp(fl'*) C [a*,/3*] and g^\[^,, 5 ,] = 1. 


Now, admit that z/j^, +cxd and define a sequence {uj} C C°°(T) by 

f if j = for some keN; 

Uj{t) = 

[ 0, otherwise. 

Note that, for any t G supp( 5 f*), we have 

g* (t) h)V’* ik-^Hk (dh* (d — g* (k-ifj-jk (d ^ 

then for any t G supp( 5 '*) we have e'^-’'fc^‘*h)d*(d ^ for k large enough, since we 
have Bt*{t) ^ 0 on /* and fo,, —)■ +cxd. 

Therefore, for any /9 G N and t G supp( 5 f*) we obtain 



^ as /c —)■ cxD. 


Since \uj^(t*)\ = 1, for any k, we have 


u = J2uj{t)^j{x) G V'{T X M) \ ^“(T X M). 
jeN 


(5.21) 


Next, we show that f = Lu E C°°(T x M). Here f{t,x) = where 

if j=jk, for some A; gN; 


fjit) = 


0, otherwise. 


Note that supp (fj^) C I*, for any k eN and 


(5.22) 


We observe that, at this point, we can not eliminate the exponential above, 
using the expression e^-’'fc^‘*h)d*(d ^ because this would only ensure that {fj} 
is slow-growing and therefore is a periodic distribution. In order to obtain the 
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rapid decreasing of coefficients fj, we need to analyze the consequences of super- 
logarithmic growth, as in condition fl2.15p . 


By the estimate 05.181) we obtain 

^ Vf e supp (/jJ. 

Since 05.17^ is equivalent to 

(V ?7 > 0)(3 ko e N)(Vfc ^ ko) log(j^) < (5.23) 

it follows from 05.22p that 

for any t G supp (/^J. 

Since r] can be chosen arbitrarily large, by taking a large enough k, thus {fj} 
satisfies 02.15p and / G C'°°(T x M) and therefore L is not (GH). 

This concludes the proof in the case where —)■ -|-cxd. Now, observing the 

dehnition of u above, it is not difficult to see that it is possible to substitute the 
condition -|-oo by the weaker assertion that {I'jf.} has a subsequence that 

diverges to -|-cxo. 

On other hand, if —)■ —oo, we use the primitive and set 


Uj{t) 


if j = j;. for some A; G N; 

0, otherwise. 


In this case we obtain, by estimate fl5.19p . 




for any t G supp( 5 f*). 


6 The hypothesis of the unboundedness of {uj} 

The purpose of this section is to show how to replace the hypothesis 

lim \i>j\ = oo (6.1) 

j^oo 
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by a weaker condition. 

First, we emphasize that condition flb.ip was only used three times on the proof 
of our results, namely: 


(a) in the proof of theorem 14.41 to obtain the inequalities 

puj ^ {B(t) — bot)uj ^ buj and buj ^ {B{t) — bQt)^^ ^ puj] 

(b) in the proof of theorem 15.51 to obtain the estimates 

27r 

^ 27r, when uj —)• +cx3; 

p27r ^ 

a. j ds ^ 271, when Uj -oo; and 

in. boUj = 0 only for a hnite number of indexes. 

(c) in the proof of theorem IS.SI to guarantee that the sequences {0j} and {0^ 
are bounded, see M and flOnH page Ei 

Keeping these points and their proofs in mind, our goal is to weaken condition 
fib.ip in order to preserve these estimates. A hrst attempt in this direction is the 
following: 



suppose there is C > and jo ^ kJ? such that \i'j\ ^ C, \/j ^ jo. (6.2) 


If fl6.2p holds, we can easily recapture the inequalities highlighted in items (a) 
and (b) above. However, to recover the inequalities in item (c), we have to analyze 
these expressions more carefully. Observe that the main point of (c) is to ensure 
that the sequences {0j} and have a controlled growth when j +oo, 

that is, the sequence 

ujj = _ 2 cos(27rao/ij)) + 1 (6.3) 

does not converge rapidly to zero. 

Let us investigate what happens when this sequence convergences to zero. For 
this, admit that there is a subsequence Uj^ —)• 0, for k ^ oo. By formula fl6.3p we 
have 

e’^^B'^bo ^ 2 cos(27raohjs,) ^2, k ^ oo, 

and then 

Uj^TTbo < log(2), j CX). 

Thus, we can set k = limsup^gjsj and such that 

lim z/o, = K and lim = a < 2. 

£—yoo i—^oo 
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Then, we obtain 


and 


0 = lim cjo, 

1^00 

= hm - 2 cos(27rao/ijJ) + 1 

=a la — 2 lim cos(27rao/ijJ ) + 1, 

V i^oo / 


lim cos(27rao/ijJ 

£—>■00 


1 + a^ 
2 a 


(6.4) 


Bnt, from fl6.4p we have 1 + ^ 2q!, implying a = 1 and then k = 0. 

Fnrther, a necessary condition to { 0 ;^} approach to zero is that {vj} has a snb- 
seqnence converging to zero. Moreover, z ^ Z, when i ^ 00 . 

From this discussion, we have: 

Proposition 6.1. The hypothesis fl6.ip can be replaced by the condition 

zero is not an accumulation point of the sequence {r'j}- (6.5) 


Example 6.2. Let r G N, c G and consider the sequence 

(c + jV 


fij 


3 e M, 


for which there are jo ^ N o,nd C' > 0 such that 

0 < C" ^ Hj, Vj ^ jo. 


( 6 . 6 ) 


Consider the operator 


q{x, D^)-u = '^UjUjipjix), 

j£N 


an irrational number a G M and 

V = Dt + aq{x, D^), (t, x) G x T^,. 


If a is a non-Liouville number, the operator V is (GH). Indeed, there exist 5 > 0 
such that 


a T 


IL 

Qj 


> 




(6.7) 
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then for each i G X we obtain 


\afij + i\ 


fij 


a 


if 

{c + jY 




c 

{c + jY^ 




cr^‘, 


which implies a non-Liouville with respect to {fij}- Now, Fq, = 0, since a G M \ Q, 
thus V is (GH) by theorem \3.b\ item Hi, and proposition 16. ii 


A natural question is: if the operator 

L = Dt + a{t)p{x, DY + ib{t)q{x, 

does not satisfy the condition fl6.5p . what are the consequences in the study of global 
hypoellipticity? 

Evidently, there are no novelties (in theorem I3.6p if 6 = 0, or if b changes sign 
and {uj} has super-logarithmic growth, since in the hrst case, {0j} depends only 
on {oo/ij}, and in the second case, we can construct a singular solution, as shown 
in theorem 15.91 

Thus, let us investigate the case 6^0. 

Theorem 6.3. Admit that: the sequence {z/j} has at most logarithmic growth; {j G 
N; z/j = 0} is finite; zero is an accumulation point of {iZj}. Then, the following 
statements are true: 


i. when lim inf Uj Y 0 we have 

(a) Bq Y 0 implies that L is (GH); 

(b) bo = 0 implies that L is (GH) if, and only if, Fa^ is finite and qq is 
non-Liouville with respect to the sequence {fij}; 

ii. when liminfcjj = 0, the operator L is (GH) if, and only if, F^p is finite and 
ao is non-Liouville with respect to the sequence {fij}- 


Remark 6.4. We emphasize that when liminfozj = 0, the global hypoellipticity 
depends only of the real part of L. Moreover, Bq Y ^ is not a sufficient condition for 
global hypoelipticity, even in the case of constant coefficients. 

Proof. Since {uj} has a logarithmic growth we can apply the reduction to normal 
form; thus L is (GH) if, and only if, the operator La,,to is (GH). 
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When liminfcuj 7 ^ 0, the sequence {0j} is bounded, thus item i. follows from 
theorem 13.61 

Now, admit that liminf ujj = 0 and let u G V{TxM) be a solution of (iLag^bo)'^ = 
/ G C'°°(T X M). Then we obtain the sequence of differential equations 

dtUj{t) + {-boUj + iao^j)uj{t) = t G T, j G N. (6.8) 


If 60 = 0 this result is a consequence of theorem 15.61 On the other hand, if 
bo 7 ^ 0, we can assume bo < 0, then the unique solutions of fl 6 . 8 p are given by fl5.2p 
or fl5.3|) . since Uj = 0 at most for a hnite number of indexes j. 

From inequalities fl5.6p and fl5.7p follows that 

for Uj>0 and (6.9) 

|arn,(f)| ^ forz/, < 0 . ( 6 . 10 ) 

Since liminfcnj = 0, we obtain a subsequence converging to zero and, by 

the discussion that followed after equation fl6.4p . we have aofij^. —?• 7 G Z and 

0 = lim cuji^ =2 lim (1 — cos(27rao/ijfc)) . 

k^oo k—^00 


When j 7 ^ jk we can control the growth of {Qj} and {Qj by using the 

same ideas shown in theorem 15.51 

For j = jk, we have when k ^ 00 , and it is sufficient to study the 

behaviour of { 0 j}. 

Now, consider the inequality 

|1 — cos(|/)| ^ \y — 27r£p, if \y — 27rf'| ^ 1/2, \/i G Z. (6-11) 

Thus, if ao is non-Liouville with respect to the sequence {yj}j£N, we obtain by 
fl 6 . 1 ip that 

lim Uji^ ^2 lim |27rao/ijj. — 27r7|^ 

/c—>-oo /c—>-oo 

^ Ibvr^ lim Anf laoU,, + 

fc-foo J 

^ 167 r^C"j^^‘^, k ^ 00 . 


o C /q 

From this, there exists ko eN such that Qj^ ^ Cjj^ ' , Vfc ^ fco, which implies 
Lao,bo is (GfH) that the conditions, F^g is finite and Oq is non-Liouville with 
respect to the sequence {yj}j£n, are sufficient conditions for the (GH). 
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The necessity uses the same ideas shown in theorem 15.61 where we have con¬ 
structed singular solutions. 


□ 


Example 6.5. Let r G M, c G and consider the sequence 

(c + jV 




oT+l 


J G M. 


For each u = ^ T^'^x) set 

q{x, D^)-u = 

jeN 


Let a and [3 he real numbers, with /3 ^ 0, and consider the operator 

V = Dt + {a + i(3)q{x, D^), {t, x) G x T^.. (6.12) 

Thus, if a is an irrational non-Liouville number then the operator V is (GH). 
Indeed, by 06.71) we obtain 

for each £ G Z. 


Remark 6.6. If a is an irrational Liouville number, the example above exhibits a 
class of non-(GH) operators on of the type 

L = Dt-I {ai/3)q{x, Dx), with b ^ 0, 

which is a phenomenon that does not occur in the differential case, see the works of 
S. Greenfield and N. Wallach fWf and J. Hounie /7^/ . 

Moreover, we point out that the sequence {p,j} has growth at most logarithmic; 
thus by reduction to normal form, the conclusion above holds even for operators 
with variable coefficients, that is, there exist operators, with an imaginary part not 
identical to zero, that do not change sign and are non-(GH) on T^. 


The hypothesis of logarithmic growth, added to theorem 16.31 implies that it is 
enough to consider constant coefficients operators, therefore the next step is to study 
operators that do not satisfy this condition. We are going to start by considering 
the operator 

L = Dt + a{t)p{x, Dx) + ib{t)q{x, Dx). 
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If b changes sign and {uj} has super-logarithmic growth, then L is not (GH), 
independently of value of lim inf Uj. Indeed, in this case, one can construct a singular 
solution using the ideas shown on the proof of theorem 15.91 

The next result includes the remaining cases. 

Theorem 6.7. Admit that the imaginary part b does not change sign and is not 
identical to zero. Also, assume that {uj} has super-logarithmic growth. If {j G 
N; iZj = 0} is finite, the following statements are true: 

i. when lim inf 7 ^ 0, the operator L is (GH); 

a. when lim inf ujj = 0, the operator L is (GH) if, and only if, Ta^ is finite and 
Qq is non-Liouville with respect to the seguence {fij}. 

Proof. When liminfcjj 7 ^ 0 the sequence {0j} is bounded, thus item i. is a conse¬ 
quence of theorem 13.61 

Now, admit that liminfcnj = 0 and let u G V{T x M) be a solution of {iL)u = 
f G C'°°(T X M). Then we obtain the sequence of differential equations 

dtufit) -\- {—b{t)i>j -\- ia{t)fij)uj{t) = fj{t), f G T, j G N. (6.13) 

We can assume bo < 0. Since {j G N; Uj = 0} is hnite, then the unique solutions 
of 06.131) are given by 05.2p . or 05.3p . 

Thus, by inequalities 05.61) and 05.71) . we can recapture 06.9p and 06.101) . The 
proof will use the same ideas shown in theorem 16.31 


□ 


Pj 


Example 6.8. Let be the seguence 

l/j, iff is odd, 
j, iff is even, 
consider the operators q and C defined by 

q{x, Dfij-u = 

jGN 

for each u = ^ and 

C = Dt + (a(f) -F ib{t))q{x, Dfij, {t, x) G = T* x 


Thus, if ao is an irrational non-Liouville number then the operator C is (GH). 
Indeed, by 06.7p we obtain 


for each £ G Z. 


\aofij + ^1 ^ 


1/j, iff is odd, 

if j is even. 
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7 Remarks on time-dependent coefficients 


In this section we are going to take into consideration a natural extension of the 
separation of variables case. More specihcally, we are interested in the study of the 


following class of operators 

L = Dt + A{t,x, D^) + D^), {t,x)ETxM, (7.1) 

which satisfy, for each f G T, the following conditions 

A*{t,x,D^) = A{t,x,D^) and B*{t, x, D^) = B{t, x, D^), (7.2) 

[A{t, X, D^), E{x, D^)] = [B{t, X, D^), E{x, D^)] = 0, (7.3) 

[A{t, X, D^), Bit, X, D^)] = 0, (7.4) 

where E is an elliptic pseudo-differential operator in \k^(M). 


As an additional hypothesis we assume that A{t,x,Dx) and B{t,x,Dx) are di¬ 
agonal operators, i.e., for any u x M) we have 

OO 

A{t, X, D^)u = “fc 

j=i k=i 

jeN 


and 


CO dj 

B{t,x,D^)u = '^'^Pl{t)ui{t)ei{x) 


j=i k=i 


jGN 


(7.6) 


where 

Aj{t) = diag (^ai(t),.. ■ ,ad,(t)) and Bj{t) = diag (^/^^(t),.. , 

and we are relying on the notation of subsection 13.11 

We assume that G C°°(T;R) satishes the hrst order requirement 

sup [ A“^'^™',max |sup |a;^(t)|,sup |/9^(t)|l I ^ C, (7.7) 

jGN V I iST teT J / 

and the continuous action C°°(T x M) i—)■ !)'(¥ x M) satishes 

sup ("a -'^'“^^^max |sup |Zl^Q!;i(t)|,sup |Zl^/3^(f)|l^ <-Fcx), (7.8) 
j'eN V I iST ieT J / 
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for some ooKi) G M, where £ G N. 


Thus, the equation Lu = f can be reduced to a sequence of dj x dj 
of ordinary differential equations 

linear systems 

DtU,{t) + {A,{t) + tB,{t))U,{t) = E^{t), 

(7.9) 

or in an equivalent form 


Dtuiit) + {ai{t) + i/3l{t))ui{t) = flit), Vt G T, 

(7.10) 

for each fc G {1,..., dj}. 


Thus, since in the time-independent case we can consider the simpler situation 
where dj = 1, for any j G N, we can also rewrite 07.5p and fj7.6p as 

OO 

Ait,x,DAjU = y^^ajif)Ujit)g)jix), 
i=i 

(7.11) 

OO 

Bit,x,DA)U = 'y^bjit)ujit)ipjix). 

(7.12) 


i=i 


Now, by the Weyl formula, conditions 07.71) and 07.8p are equivalent to 

max{sup |aj(t)|,sup \bj{t)\} ^ j G N, (7-13) 

teT teT 

and 

sup ( max{sup |D^aj(t)|, sup I <+oo, (7-14) 

iSN V iGT teT / 

for some G M, £ G N. 

Remark 7.1. Clearly, we recaptured the case ajit) = a(t)p,j, bj(t) = b{t)pj, where 
= 0 for all £ G N. 

Furthermore, if 

L = Dt + {a{t) + ib{t))Dx 

is a first order differential operator on (as in J. Hounie fWf - A. Bergamasco fBf 
and others) then we can take E{x,Df) = —A on T. 

In this situation we have ao = 0, do = 1, ctj = j"^, Ej = dj = 2, 

j eN and setting 

f({x) = ip 2 j-i{x) = and ^{{x) = (p 2 j{x) = 

we can rewrite Lu = f as 

DtUjit) + diag{-a{t)j - ib{t)j, a{t)j + ib{t)j) ■ Uj{t) = Ej{t), (7.15) 

for f G T and j G N. 
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7.1 Reduction to time-independent case 


If A{t, X, D^) and B{t, x, D^) are given by 07.111) and 07.12p . we define the oper¬ 
ators 


Aq{x,D^)u = y^^aluj{t)ipj{x), 


i=i 


where, for each j G N, 
flo = (27r) 


Bo{x,D^)u = '^bluj{t)ipj{x), 


p27T ('2'K 


’ aj{T)dT and fog = (27r) ^ / bj{T)dT. 

0 io 


Now, consider the following seqnences of fnnctions in (^“(T) 

Aj{t) = / aj{s)ds — a^t, Bj{t) = / bj{s)ds — blt, 

Jo Jo 

and, for each for each u = XIjgn^ B'iT x M), set 

'^A,B ■ U = 

jeN 

Theorem 7.2. Let {xj} he the sequence defined by 

and admit that {xj} has at most logarithmic growth, i.e., 

limsnp -— 7 — = X < -|-oo. 
j^oo log(j) 


( 7 . 16 ) 

( 7 . 17 ) 


( 7 . 18 ) 


( 7 . 19 ) 


( 7 . 20 ) 


In these conditions, the following statements hold: 


i. ^a,b is an isomorphism of the spaces V{T x M) and C'°°(T x M); 
ii- oho B = Lao,Bo where 

Lao,Bo = B>i; + Aq{x, Dfi) + iBQ{x, Dfi)-, ( 7 - 21 ) 

Hi. L is (GH) if, and only if, Lao,Bo is (GH). 

Proof. This demonstration nses the same ideas of redaction to normal form shown 
in subsection 14.11 We point ont that, to prove that '^a,b is a well dehned map from 
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V'{T X M) to V'{T X M), it is enough to notice that for any e > 0 there exist jo ^ N 
such that 

^ log(j^+'), j ^ jo, 

thus, for any fc G No we obtain 5 = 5{k) and a positive constant C, such that 






Uj{t) 


^ C'j'5e27rr,. 




□ 


Example 7.3. Let a,/5 G M and define 


A{t,x,Dx)u = + cos{jt))uj{t)ipj{x), and 

i=i 

OO 

B{t,x,D^)u = + sm{jt))uj{t)ipj{x). 

i=i 

for each u = XljgN^ x ^)- 

fhe have = a, = fi and tj < 1 + |/3|, for all j G N. Then, L = A + iB is 
(GH) if, and only if. 


Lao,Bo — L)t + {cx i(3) is (GH). 


If a = (3 = 0 then L is not (GH) because Laq,Bo = -Do But, if |a| + |/5| 7 ^ 0 then 
the operator Lao,Bo D (GH) and therefore L is (GH). 


Remark 7.4. In the multidimensional case (dj ^ 1) we set the matrices 


pzn 

Aj = (27r)“^ / Aj{t)dt and = (27r) 

Jo 

where Aj{t) and Bj(t) are given in 07.51) and 07.6p . 
Now, we define the functions 


r- 27 r 


-1 


Bj{t)dt, 


Aj{t)= / Aj{s)ds-tAfi Bfit)= / Bfis)ds-tBfi 

Jo Jo 


and for each u G V{T x M) set 


■ « = E • Ufit), A{x) 

i6N 
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Next, let 


tI = |/^fc (^)|5 Vj e N and k e {I,, dj}, 

and define the sequence 


{^i]= 


2 5 • • • ) 


^2 5 



Thus, we recapture theorem\7.2 


7.2 Global hypoellipticity 

Let L be the operator fl7.ip . as in the beginning of this section, with A{t, x, Dfi) 
and B{t, x, Dfij satisfying flT.lip and fl7.12p . If n G V'fifxM), an eqnation {iL)u = / 
is eqnivalent to the following seqnence of differential equations 

dtufit) + Cj{t)uj{t) = fj{t),t e T, j e N, (7.22) 


where Cj{t) = —hj{t) + iajit). 

Let Cg = — &o + where and 6g are given in fl7.18p . Then, for each j E N 
such that Nq ^ ih the unique solution of the differential equation 07.221) is 

ufit) = (1 - - s)ds, (7.23) 

Jo 

or equivalently, 

p27r 

ufit) = - 1)-1 / + s)ds. (7.24) 

Jo 

As in the separation of variables case, the solution 07.23|) satishes 

p27T 

Jo 

and 07.241) satishes 

1*277 

I d'juj{t)\^C Qj / e- 

Jo 

where Qj = |1 — and 6 k = k/n + krk. 

For the study of the global regularity of L we split this subsection in two parts: 
hrst we are going to propose a generalization of the “no change of sign condition”, 
and afterwards, we are going to introduce the notion of “change of sign condition”. 


(7.25) 


(7.26) 
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7.2.1 General non-change sign condition 


Let L be the operator fl7.ip . where A(t, x, D^) and B(t, x, D^) are given in fl7.1ip 
and fl7.12l) . We introduce the following notion of the non-change sign condition. 

Definition 7.5 (GNCS). We say that the imaginary part B(t,x,Dx) of L satisfies 
the general non-change sign condition (GNCS) if there exists jo ^ such that 
Vj > jo (ind the functions hj do not change sign. In this case we write 

N = Jo} U 77-U 77+, 

where 

J~ = {j ^ jo; hfit) ^0, Vf e T} and J7+ = {j ^ jo; bj{t) ^0, Vf e T}. 

Remark 7.6. Note that ifbj(t) = biffiiOj, for some real seguence (<is in the 

separation of variables case), then the (GNCS) condition is eguivalent to reguiring 
that b does not change sign. For instance, if b{t) ^ 0, then 

J~ = {j G N; Vj ^ 0} and = {j G N; Vj ^ 0}. 


Now we introduce some results about the (GH) of L. 

Theorem 7.7. If B{t,x, Dfi) satisfies the (GNCS) condition and we have limlfegl = 
oo, then L is (GH). 

Proof. Since |h^| —)■ oo then = 0 at most for a hnite numbers of indexes j, and 
therefore it is enough to consider the solutions fl7.23p and fl7.24p . 

If, J e J- we will use the expression fl7.23p and if, j G J7^, we will use the 
expression fl7.24p . Note that, 

jej- ^ < 1 and j G d7+ ^ < 1. (7.27) 


Now, for j & U we have ho —oo and hence 

lim 0,- = lim - 2e^^^^ cos(27ra^o) + 1)-^/^ = 1, 

j—>-oo j—^OO 

and for j G J7’'' we have ho —t -|-oo and hence 

lim eje^< = lim (1 - 2e-^< cos(2Wo) + = 1. 

j^OO j^OO 


Thus, by using fl7.27p . the estimates fl7.25p and fl7.26p becomes 


and then L is (GH). 


□ 
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Corollary 7.8. Admit that D^) satisfies the (GNCS) condition. //{&o} has 

no subsequence converging to zero, then L is (GH). 

Proof. Using the ideas, developed before, in proposition I6.1[ it becomes clear that 
we obtain the same conclusions of theorem 17.71 because 0 < C ^ Ifegl, for j —)■ oo. 


□ 

As in section u we are interested in the consequences to the (GH) when zero is 
an accumulation point of the sequence {ho}- 

We define the set 

Ta = {j e M; ai e Z}, 
and we consider the following limit 

K = liminf - 2e^< cos(27ra^o) + 0 • 

j—5*00 \ / 

Thus, the proof of the following result is a combination of theorems 16.71 and 17.71 

Theorem 7.9. Admit that B{t,x,Dx) satisfies the (GNGS) condition, zero is an 
accumulation point of {b^} and Pq = 0 at most for a finite number of indexes j. 
Then: 


i. if n 0, the operator L is (GH); 

a. if n = 0, the operator L is (GH) if, and only if, T^ is finite and 

mi\ai + i\^Cr^ (7.28) 

for some d ^ 0, C > 0 and i? S> 1. 

Remark 7.10. In the separation of variables case we have ajft) = a{t)fij. Therefore 
a({t) = aofij and fl7.28p is equivalent to saying that qq is non-Liouville with respect 
to the sequence fij. 


7.2.2 General change sign condition 

Let {hj(t)}jgN be a sequence of non-zero functions which change sign in C°°(T : 

R). 

By lemma 15.101 we can hnd the sequences of partitions 

t( < a* < 7 * < t* < 5* < fi* < t( + 27r 
to<ai<'^i<ti<6i< I3i<t( + 27r 
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(7.29) 

(7.30) 










and for some positive constants c*,ci, the following estimates 


max 

< -c* 

(7.31) 

iG[a*.7;]up*,/3*: 


min 


(7.32) 

teiaiMcifiM] 


We introdnce an important notion: 

Definition 7.11. We say that the sequence {bj{t)} is change-sign-polynomial inter¬ 
val super-log (CSPIL) if there exists r > 0 such that 


= 0{j j ^ oo, (7.33) 


and 


lim 1 -x = +00 (7.34) 

j-i-oo ln(/ + j) 

Remark 7.12. Condition fl7.33p is quite natural since we require that operator L 
acts continuously on C'°°(T x M). Consider the following examples on T x T = 

L^ = Dt + icos{t[\DX) (7.35) 

L 2 = A + *cos(t[e'^"’'^]), (7.36) 

for some N > 0, where cos(t'ip{D)) acts as the multiplier cos{tip{f)), and [r] stands 
for the integer part function. 


Observe that the operator Li acts continuously in C°°(T x M), for all N > 0, and 
cos(f cos(t[|.^|]'^)^) (we can rewrite depending in j G N using the Laplace operator 
as E{x,D)) satisfies fl7.33p and fl7.34p . If N < 1 the operator is S'^_^g(T) pseudo- 
differential operator (see the book of Ruaznasky-Turunen while for N > 1 it is 
not pseudo-differential operator but acts continuously in C'°°(T^). 

The second operator does not act in C'°°(T^) and cos(t[el^A)^ satisfies neither 

dZSSD nor flTTMl) . 


Theorem 7.13. If the CSPIL condition is satisfied, then the operator L is not CH. 


Proof. Define the fnnctions j eN as follows: 


where 0 < £ <C 1 and 


= X[l/2(7*+a*), 1 / 2 ( 5 ;+/?*)] * (Pej-N{t), 

(7.37) 

'fiif) = X[i/2{fi+ai)M2{fi+yi)] * 

(7.38) 

Tv = h > 0, 

(7.39) 

r if f g] - 1,1[ 



(7.40) 

[ 0, if |f| > 1. 
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If 0 < e 1 one has 


(7.41) 

(7.42) 


= 1, t e supp {'ll)*) C [a*,/?*], 

■ipilt) = 1, te Yli,5l], supp {'ipi) C [ai,l3i]. 


Then u* and m* dehned by 


u*{t) = 'il)*{t)e 
u*{t) =i^i{t)e 


—iAf.* (t)+Bj» (t) 
3 j 


satisfy 


Lu* e ^““(T X M) and u* G T>'(T x M) \ ^““(T x M), 
Lm* e ^^^(T X M) and G T>'(T x M) \ ^“(T x M), 


which yields the desired conclusion. 


(7.43) 

(7.44) 


□ 
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